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The use of iteratively reweighted least squares (IRLS) for detecting design points where optimizations converge
poorly is demonstrated. Because optimization error tends to be one-sided with poor results producing overweight
designs, a nonsymmetrical version of IRLS (NIRLS) that accounts for the asymmetry in optimizationerrors is also
developed.A parameterized Rosenbrock function problem,where aprogrammingerror caused pooroptimizations,
is used to demonstrate the techniques. The identi� ed outliers were repaired by more accurate optimizations to
improveresponse surfaceapproximations.Structural optimizationofa high-speedcivil transport (HSCT)produced
inaccurate wing structural weight. Optimization studies with various sets of convergence criteria showed that the
optimizationerrors were due to incompleteconvergence. The IRLS techniquecould identify manyof the points with
very large optimization errors, but the NIRLS techniques were much more reliable in this task. However, results
of HSCT con� guration optimizations using wing weight response surface models show that it may be preferable
to identify and repair only a subset of the poorly converged optima.

I. Introduction

O PTIMIZATION procedures often produce poor results due to
algorithmic dif� culties, software problems, or local optima.

When a single optimization is � awed, it may be dif� cult to de-
tect the problem, because the ill conditioning responsible for the
problem may make it dif� cult to apply optimality criteria unam-
biguously. However, in many applications, a large number of op-
timizations are performed for a range of problem parameters. For
example, our research group routinely performs thousandsof struc-
tural optimizationsof wing structures for the purposeof developing
equations that predict wing structural weight as a function of the
con� guration of a high-speed civil transport (HSCT).1 When such
multiple optimizations are available, statistical analysis can detect
poorly calculated optima. For example, Papila and Haftka2;3 used
iteratively reweighted least squares4;5 (IRLS) to detect such points,
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called outliers. They repaired these outliers by reoptimization from
slightly different starting points, by switching optimization algo-
rithms, or by adjusting convergence criteria.

Poor optimization results may be due to local optima or prema-
ture convergence.For structuraloptimizationof the HSCT, we have
found that poor resultsare mostly caused by prematureconvergence
due to the choice of the convergence parameters in the optimiza-
tion procedure. An objective of this paper is to demonstrate the
usefulness of outlier detection for discovering the poor choice of
parameters and for estimating the magnitude of the resulting errors.

The outlierpoints (incorrectlycomputedoptima) are consistently
heavier than the true optimal designs, that is, the optimization er-
ror has positive bias. There are two implications of this bias in the
optimization error. First, we expect that the incorrect optima will
be lowered by repair. Second, the symmetric weighting function
used in IRLS procedures can be improved by taking into account
the error bias. One objective of this paper is to demonstrate this
approach of using a biased weighting function in an IRLS proce-
dure for detecting outliers.The procedure is � rst demonstratedon a
parameterized � ve-dimensional Rosenbrock function problem and
then applied to structural optimization of wing box elements for
various aerodynamic con� gurations of an HSCT.

Section II introduces the IRLS technique along with vari-
ous weighting functions including an asymmetric function lead-
ing to nonsymmetric IRLS (NIRLS). Section III demonstrates
IRLS/NIRLS techniques on the Rosenbrock test function, where
optimization error occurred due to a programming error. Section
IV describes our application problem, the HSCT con� guration de-
sign, and the associated structural optimization. Section V shows
the effects of convergenceparameters on the errors in optimal wing
structural weight for the HSCT problem. Section VI compares the
successof IRLS and NIRLS for identifyingbad optimizationresults.
Also, the effects of outlier repair on the accuracy of response sur-
face approximationsare discussed.Section VII shows the effects of
outlier repair on the HSCT optimization results using wing weight
response surface surrogate models. Section VIII offers concluding
remarks.
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II. IRLS
The standard least-squares procedure for response surface

estimation6 is not robust with respect to bad data. Robust regression
methods give reasonableestimates even if the data are contaminated
with outliers (bad data). In addition, robust regression7 can locate
the outliers, allowing us to examine the outliers and repair them
whenever possible.

To describe the robust regression method used here, known as
M estimator,we � rst consider the standard linear regressionmodel.
With n data points and p parameters in the regression model, the
linear regression model is

y D X¯ C " (1)

where X is an n £ p Gramian matrix of the shape functions used
in the model (typically monomials), ¯ is a p vector of coef� cients
to be estimated, and " is an n vector of uncorrelated random errors
with constant variance ¾ 2.

For standard least squares, the expectedvalue of y is estimated as

Oy D X Ō D X .X T X /¡1 X T y (2)

and residual error er is the difference between the actual data and
the estimate:

er D y ¡ Oy (3)

The root mean squareerror (RMSE) O¾ is the unbiasedestimateof ¾ :

O¾ D
q

eT
r er

¯
.n ¡ p/ (4)

For a more robust estimate of ¯, we minimize a measure of the
residuals ri , where ri D .y ¡ X Ō/i=s:

e. Ō/ D
nX

i D 1

½.ri / (5)

Here, ½ is a functionof the residual scaled by s, a known estimateof
the standard deviation of ". For example, in the case of the familiar
least-squaresmethod, ½.»/ D » 2=2.

The Ã function is de� ned as the derivative of ½:

Ã.»/ D
d½.»/

d»
(6)

Then, a necessary condition for a minimum re. Ō/ D 0, where
Ã D .Ã1; Ã2; : : : ; Ãn/T D [Ã.r1/; Ã.r2/; : : : ; Ã.rn/]T , becomes

X T Ã D 0 (7)

To write Eq. (7) in a form of weighted least squares, we de� ne the
weighting function as

w.»/ D Ã.»/=» (8)

Now, with r D .r1; : : : ; rn/T , Eq. (7) becomes

X T W .r/r D 0 (9)

where W .r/ D diag[w.r1/; w.r2/; : : : ; w.rn/]. Note that for ordi-
nary least squares Ã.»/ D » and w.»/ D 1.

For ordinary least squares, Eq. (9) is a linear equation for the co-
ef� cient vector Ō through the scaled residual r. However, in general,
Eq. (9) is a system of nonlinearequations,and iterative methods are
required to obtain the solution. The most popular approach is itera-
tively reweightedleast squares(IRLS), which is attributedto Beaton
and Tukey.4 When the de� nition of residual is used, the necessary
condition of Eq. (9) is written as

X T W .r/X Ō D X T W .r/y (10)

which can be expressed as an iterative formula:

Ō.i C 1/ D Ō.i/ C fX T W [. y ¡ X Ō.i //=s]Xg¡1 X T W [. y ¡ X Ō.i //=s]

£ . y ¡ X Ō.i// (11)

Table 1 Weighting functions for M estimator

W .r/ Range Tuning constant

Huber’s minimax8

1 jr j · H H D 1:0
H jr j¡1 jr j > H

Beaton and Tukey’s biweight4

[1 ¡ .r=B/2]2 jr j · B B D 1:0–3.0
0 jr j > B

NIRLS
H jr j¡1 r · ¡H H D 1:0
1 ¡H < r · 0 B D 1:0–3.0
[1¡.r=B/2]2 0 < r · B
0 r > B

Fig. 1 Various weighting functions of M estimator.

Fig. 2 Various Ã functions of M estimator.

Several possible weighting functions summarized in Table 1 and
Fig. 1 were considered here. We preferred Beaton and Tukey’s bi-
weight function4 (Fig. 1) to Huber’s minimax (see Ref. 8) (Fig. 1)
because it gives zero weighting to the outliers, and thus, the out-
liers are distinctly identi� ed. The other function in Table 1, labeled
NIRLS, will be discussed later in this section. An estimate of s was
calculated as 1.5 median

i
j. y ¡ X Ō/i j as recommended by Myers.9

B is a tuning constant depending on the characteristics of the er-
ror distribution.Myers9 suggested limiting the tuning constant to a
range of 1–3. The shape of the weighting functions in Fig. 1 clearly
shows that they penalize outliers with zero or low weighting while
givinga weightingof oneor nearone to inliers (datapointsfollowing
the main trend). Equation (11) is not guaranteed to converge to the
global minimum of e. Ō/. Because the IRLS results depend on the
initial guess for the regressor coef� cients Ō, we need a good initial
guessof Ō . With a nonredescendingÃ function(Fig. 2) like Huber’s
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Fig. 3 Flowchart of IRLS/NIRLS procedure for low-� delity optimiza-
tion data.

minimax, Birch10 proved that Eq. (11) is globally convergent to a
unique solution, the global minimum of e. Ō/. Therefore, to get the
initial estimates of the regressor coef� cients Ō, we adoptedHuber’s
minimax function. Then the IRLS procedure using the biweight
function was continued using these initial coef� cients. The IRLS
procedure with Huber’s minimax function converged faster; it took
about 20 iterations for convergence, whereas using the biweight
required about 100 iterations for the data in this work.

Now we consider NIRLS in Table 1. The usual IRLS procedure
assumes no bias of the residual sign. However, for our structural
optimization data, the residual ri is mostly positive for outliers be-
cause they are mostly caused by failure of optimization seeking
a minimum. To account for the bias in the outliers, we devised a
biased weighting function by combining the biweight and Huber’s
weighting function,and labeled it as the NIRLS weighting function.
For the NIRLS weighting function shown in Fig. 1, data points with
negative residuals are downweighted according to Huber’s func-
tion, whereas points with positive residuals are downweighted by
the biweight function. In this way, NIRLS downweightspoints with
positive residual error more severely. NIRLS has been successfully
applied to noisy data of structural optimization of HSCT11 and to
low-� delity optimization data of cracked composite panels.12

IRLS/NIRLS techniques effectively remove outliers from the � t
by downweightingthem. However,when only scarce data pointsare
used in responsesurface� t due to high cost of the data, outlier rejec-
tion may be undesirablebecause it may cause poor predictionwhere
the outliers are located. Therefore, a better strategywill be to repair
the detected outliers by performing higher � delity simulation runs
if they are available.3 If the high-� delity runs are much more expen-
sive than the lower � delity runs, repairing only the outliers detected
by IRLS/NIRLS will have computational advantage over perform-
ing high-� delity runs for all of the runs. The general IRLS/NIRLS
procedure described in this section is summarized in Fig. 3.

III. Test Problem Study of Optimization Failure
and IRLS/NIRLS Techniques: Rosenbrock

Function in Five Dimensions
BeforeaddressingtheHSCT problem,it isworthwhileto illustrate

the convergencedif� culties experiencedby numerical optimization
for a simple problem. Here we demonstrate the failure of some
optimization algorithms for a simple unconstrained minimization
problem, the generalized Rosenbrock function (see Ref. 13) in � ve
dimensions:

f .x/ D
n ¡ 1X

k D 1

100
¡
xk C 1 ¡ x2

k

¢2 C .1 ¡ xk/
2; n D 5 (12)

Table 2 Failure of various optimization programs for the
� ve-dimensional Rosenbrock function

Number of
failures out

Software Algorithm Option of 500 runs

MATLAB ( fminu) BFGS —— 7
DOT BFGS —— 27
PORT (DMNF) Trust region With programming 488

error
PORT (DMNF) Trust region With programming 0

error corrected

The unconstrainedminimization problem has a unique optimum
x¤ D .1; 1; 1; 1; 1/ at which f ¤ D f .x¤/ D 0. We performed500runs
from different initial points, which were randomly generated in the
range of [0; 2] for each of the � ve variables, to check for any op-
timization failures, de� ned as f ¤ > 0:0001. For the purpose of this
demonstration we used DOT,14 MATLAB®;15 and trust region rou-
tines from the PORT16 library, all with � nite difference gradients.
The results are summarized in Table 2. An unconstrainedminimiza-
tion routine, fminu, of MATLAB failed to � nd the true optimum in
7 out of 500 runs. DOT failed in 27 out of 500 runs. All failures
occurredat essentially the same point (¡0.962,0.936,0.881, 0.778,
0.605). The condition number of the Hessian matrix at the point
was about 2400. The trust region algorithm17 in the PORT library is
known to have a robust convergence criterion, but the trust region
routine DMNF with � nite difference gradients failed in 488 out of
the 500 cases, converging to different points for each failure case.
This unexpected failure was traced to a programming error on our
part: the function calculating f .x/ was not declared as double pre-
cision, while the double precision PORT library was used. When
the double precision PORT library tries to use very small steps for
� nite difference gradient calculations, the objective function, mis-
takenly in single precision, cannot resolve the difference in f .x/.
Consequently the optimization terminates prematurely. When the
programming error was corrected, PORT had no failures.

The Rosenbrock function example shows that the optimization
may produce poor optimum due to algorithmic dif� culties (DOT
and MATLAB) or user’s programmingerror (PORT), which is a not
uncommon source of optimization error. In both cases, incomplete
convergenceproduced one-sided optimization error. The statistical
approaches used in this paper are useful to identify the poor opti-
mizations regardless of what caused the error.

We can generalize the � ve-dimensionalRosenbrock function by
adding some arti� cial parameters to Eq. (12). For example, where
b D .b1; b2; b3; b4/,

f .xI b/ D
4X

k D 1

100
¡
xk C 1 ¡ bk x2

k

¢2 C .1 ¡ xk /2 (13)

Denote min
x

f .xI b/ by fo.b/. Assume that we want to � nd b that
minimizes fo.b/. Thus there are two levels of optimization: b¤ is
sought to minimize fo.b/ in the upper level, and x¤ is sought to
minimize f for a given b to � nd fo.b/ in the lower level. Now the
task here is to build a responsesurface approximationof fo.b/ with
respect to b. This mimics the HSCT problem described in the next
section.

We elected to change only b1; b2 , and b3, while keeping
b4 D 1, to make fo.b/ have a unique global optimum of zero at
(b1; b2; b3/ D .1; 1; 1/. The rangesofbk are chosento be between0.9
and 1.1.For a givenset ofbk , theparameterizedRosenbrockfunction
is minimized from an initial designpointx D .1:1; 0:9:1:1; 0:9:1:1/.
Figure 4 is a design line plot of fo between the lowest b and the high-
est b, showing the noisy response of fo.b1; b2; b3/. We can see that
PORT with the programmingerror gave satisfactoryresults for only
2 out of the 11 runs. It is apparent that poor optimizations result in
higher responses and the optimization error tends to be one-sided.
The true response was obtained by using PORT without the pro-
gramming error. The IRLS/NIRLS techniquesare demonstratedus-
ing SAS18 statistical software on this problem to identify erroneous
optimizations of PORT with the programming error. To construct a
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Table 3 Results of outlier repair for the parameterized � ve-dimensional Rosenbrock function

Number Ratio of mean
of outliers Mean of repair Mean of repair repair on RMSE (% to

RS � t B a=b=ca on outliersb on inliersc outliers to inliers the mean fo ) Mean fo R2

Before NA NA NA NA NA 0.00748 0.0138 0.6800
repair (54.3%)

IRLS 1.0 9/7/20 0.0124 0.0065 1.91 0.00439 0.0096 0.8342
repair (45.5%)

NIRLS 1.0 8/8/20 0.0213 0.0030 7.02 0.00222 0.0075 0.8658
repair (29.7%)

Full NA NA NA NA NA 0.00023 0.0053 0.9970
repaird (4.3%)

aNumber of detected outliers a, number of big outliers detected (estimated error is greater than 10%) b, and total number of big outliers out of the
27 data points (estimated error is greater than 10%) c.
b(Sum of fo repair on outliers)=a.
c(Sum of fo repair on data points other than outliers)/(total number of points¡a).
dAll 27 points repaired.

Table 4 Results of optimization of fo(b1; b2; b3) from the parameterized Rosenbrock function using RS
approximationsbefore and after outlier repair

Without repair IRLS repair NIRLS repair Full repair
Parameter (optimum O) (optimum I ) (optimum N ) (optimum F ) Exact

b¤
1 0.9583 0.9922 1.0014 1.0057 1.0

b¤
2 1.1000 1.0591 0.9877 1.0072 1.0

b¤
3 0.9000 0.9965 1.0378 1.0060 1.0

fo.b¤
1; b¤

2; b¤
3 / 0.00066 ¡0.00175 ¡0.00018 ¡0.00007 ——

Predicted by RS
fo.b¤

1; b¤
2; b¤

3 / 0.00303 0.00082 0.00028 0.00005 0.0
True

Fig. 4 Design line plot of the optimal values ( fo ) for the parameterized
Rosenbrock function; design 1 corresponds to b variables at their lower
limits, and design 11 corresponds to b variables at their upper limits.
Noisy data are the results of PORT with programming error, and the
solid line is for the true optima.

quadraticresponsesurfaceapproximationof fo.b1; b2; b3/, 27varia-
tionsof the Rosenbrockfunctionaregeneratedby usinga three-level
full factorial design in bk; k D 1; 2; 3. The identi� ed outliers having
IRLS/NIRLS weighting less than 0.01 are repairedusing the correct
PORT optimization.

Table 3 summarizes the results of outlier repair. Before outlier
repair, the RMSE of the quadraticresponsesurface is 54.3% and the
R2 value is only 0.68 because many data points suffered from poor
optimization. An aggressive outlier search was performed using a
tuning constant B D 1:0. We de� ned big outliers as those showing
10% or greater error, and 20 out of 27 data points satis� ed this
criterion. IRLS declared 9 points as outliers, but only 7 of them
were big outliers, whereas NIRLS detected 8 outliers and all of
them were big outliers. Note that the mean repair on the outliers by
NIRLS is 0.0213, whereas the mean repair on the outliers by IRLS
is only 0.0124. The data points not declared as outliers are called
inliers. The ratio of average repairs between outliers and inliers
can be considered as a measure of success of outlier detection. For
NIRLS the ratio was 7.02 compared to 1.91 of IRLS. The response

Fig. 5 Design line plot of optimal values ( fo) for the parameterized
Rosenbrock function predicted by quadratic response surface approx-
imations before and after outlier repair. The true minimum of fo is
located at design 6.

surface � t is improved via IRLS repair, and there is still substantial
improvementbyNIRLS repairover IRLS repair; theRMSE is 45.5%
for IRLS repair and 29.7% for NIRLS repair. When all 27 points
were repaired, the RMSE was only 4.3% and the R2 was 0.9970.

The response surface approximations are compared in Fig. 5
along the same design line used for Fig. 4. Before outlier repair,
the response surface approximation overpredicts the true response
because of the optimization error. With IRLS repair, the response
surface prediction is improved, but the trend of the response is not
accurate. The response surface � t with NIRLS repair follows the
true response closely. The response surface models are to be used
to � nd the minimum of fo.b1; b2; b3/. It is clear from Fig. 5 that
the response surface � t with NIRLS repair will � nd a more accu-
rate optimum f ¤

o than the response surface � t with IRLS repair.
Table 4 summarizes the results of minimization of fo according to
the response surface model used. When using the response surface
� t without repair, the optimum of fo is located at the boundary
of the design space of b, which have ranges between 0.9 and 1.1.
When it is considered that the true optimum is located at the cen-
ter of the design box, the original response surface approximation
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completely failed to capture the trend of the true response. It is
seen that f ¤

o gets closer to the true optimum as more outliers are
repaired. When the accuracy is compared at optima f ¤

o , the re-
sponse surface model with IRLS repair underpredicts the response
by 0:00257D 0:00082¡ .¡0:00175/, whereas the error of NIRLS
is only 0:00046D 0:00028¡ .¡0:00018/.

IV. Description of the HSCT Design Problem
The second problem studied in this paper is a 250-passenger

HSCT designwith a 10,186-km(5500-nmile) rangeandcruisespeed
of Mach 2.4. A general HSCT model1;19 developed by the Multi-
disciplinary Analysis and Design Center for Advanced Vehicles at
Virginia Polytechnic Institute and State University includes29 con-
� guration design variables. The con� guration optimization prob-
lem is to minimize the takeoff gross weight WTOGW of the HSCT
subject to 68 constraints. Following Balabanov et al.,1 our task is
to � t a response surface model to optimal wing bending material
weight Wb from structural optimization as a function of con� gura-
tion design variables. This response surface model for Wb is later
used in the con� gurationoptimization.There are four load cases for
the HSCT design study that represent different points on the � ight
envelope.

Following Knill et al.,20 we considered a simpli� ed version of
the HSCT design problem with only � ve con� guration variables:
the root chord croot, tip chord ctip , inboard leading-edge sweep an-
gle 3ILE, thickness to chord ratio for the airfoil, t=c, and the fuel
weightWfuel (Table5).Figure6 illustratesthedesignvariables.Other
variables, such as fuselage, vertical tail, mission, and thrust-related
parameters, are kept unchanged at the baseline values.

We applied a structural optimization procedure based on � nite
element (FE) analysis using GENESIS.21 The � nite element model,
developedby Balabanov et al.,1 uses 40 design variables, including
26 variables to control skin panel thickness, 12 variables to con-

Table 5 Con� guration design variables of HSCT
with corresponding value ranges

Design variable Range

Root chord croot.v1/ 45.720–57.912 m (150–190 ft)
Tip chord ctip.v2/ 2.134–3.962 m (7–13 ft)
Inboard leading-edge sweep 3ILE.v3/ 67–76 deg
Thickness to chord ratio at root 0.015–0.027

.t=c/root.v4/
Fuel weight Wfuel.v5/ 158,752–204,109 kg

(350,000–450,000 lb)

Fig. 6 Simpli� ed HSCT design of � ve variables.

trol spar cap areas, and 2 variables to control the rib cap areas. The
HSCT codes19;20 calculate aerodynamic loads for each of the four
load cases, and a mesh generator by Balabanov et al.1 calculates
the FE mesh, converts the aerodynamic loads to applied loads at the
structural nodes, and creates the input for GENESIS. Structural op-
timizationis performedfor each aircraftcon� gurationusingGENE-
SIS, where the objective function is the total wing structural weight
Ws and the Wb accounts for only the bending related elements. In
previous papers,2;11 we calculated Wb by considering the skin el-
ements that are not at minimum gauge. However, this procedure
added noise error besides the error due to incompleteoptimization,3

which is our main concern in this paper. Therefore in the IRLS pro-
cedure we used Ws to detect outliers of the structural optimization
and Wb is assumed to be 70% of the Ws .

V. Effects of Convergence Parameters
on Optimization Error

The optimization error depends on many convergence parame-
ters, called control parameters in GENESIS. There are two loops
in GENESIS.22 In the outer loop, an approximation for the opti-
mization problem is generated, and this approximate problem is
passed to the inner loop of a gradient-basedoptimization,where we
used the modi� ed methods of feasible direction. After convergence
of the approximateproblem, a new approximation is constructedat
the optimum of the approximate problem. The approximation and
optimization are continued until no further change of design vari-
ables, called soft convergence,or no further change of the objective
function, called hard convergence,occurs.

For the Wb response surface � t, we used a mixed experimental
design2;3 of 126 data points that included face centeredcentral com-
posite design and an orthogonal array, to which the full quadratic
polynomial model is � t. GENESIS structural optimizations using
four different sets of parameters (Table 6) were performed at each
of the 126 points. Case A2 employs the default parametersprovided
by GENESIS. Case A5 is the same as case A2 except that the param-
eter ITRMOP was increasedto 5. ITRMOP controlstheconvergence
of the inner optimization.For the approximateoptimization to con-
verge, the inner-loopconvergencecriterionfor theobjectivefunction
change must be satis� ed ITRMOP consecutive times. The default
value of ITRMOP is 2, and by increasing it, the inner loop is forced
to iterate further. In turn, this may force the outer loop to continue,
because the soft convergence criteria, changes in design variables,
are not met, which may have been satis� ed if ITRMOP had been
2. This may result in signi� cant improvement in the � nal optimum.
After extensive experimentation with the optimization parameters
and help from the developersof GENESIS, we found that ITRMOP
was the most importantparameter for improving the accuracyof the
optimization for our problem. Case B2 employs tighter move limits
and convergence criteria than case A2. It re� ects our � rst attempt
to improve the optimization results. Case B5 is the same as case B2
except that ITRMOP is 5.

To visualize the behavior of the errors, Fig. 7 shows Ws for
21 HSCT designs along a line connecting two diagonal vertices,

Fig.7 Design lineplotsofWs for different convergence criteria settings.
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Table 6 Performance of structural optimization of HSCT for various GENESIS convergence
parameter settings

Inner-loop Number of points CPU time per
Outer-loop convergence for which the best Mean of estimated GENESIS run, s

Move limit convergence parameter Ws was achieved error, kg (percent (SGI
Case parameter parameter (ITRMOP) out of 126 points of mean Ws ) Origin 2000)

A2 Default Default Default(2) 0 1780 (4.85) 78.1
A5 Default Default Tight(5) 65 70.67 (0.193) 156.7
B2 Tight Tight Default(2) 0 2062 (5.62) 61.4
B5 Tight Tight Tight(5) 61 12.15 (0.033) 143.3

Table 7 Results of outlier repair for case B2 of structural optimization of HSCT

Number Ratio of mean
of outliers Mean of repair Mean of repair repair on RMSE, kg (% to

RS � t B a=b=ca on outliers, kgb on inliers, kgc outliers to inliers the mean Ws ) Mean Ws R2

Before NA NA NA NA NA 3,064 35,243 0.9297
repair (8.7)

IRLS 1.9 27/11/22 3,943 1,503 2.62 1,600 34,333 0.9769
repair (4.7)

NIRLS 1.9 29/19/22 5,161 1,046 4.93 1,380 33,964 0.9824
repair (4.1)

IRLS 1.0 49/16/22 3,247 1,216 2.67 1,384 33,884 0.9828
repair (4.1)

NIRLS 1.0 52/22/22 3,845 643.6 5.97 1,059 33,535 0.9902
repair (3.2)

Full NA NA NA NA NA 1,169 33,177 0.9879
repaird (3.5)

aNumber of detected outliers a, number of big outliers detected (estimated error is greater than 10%) b, and total number of big outliers out of the
117 data points (estimated error is greater than 10%) c.
b(Sum of Ws repair on outliers)=a.
c(Sum of Ws repair on data points other than outliers)/(total number of points ¡a).
dAll 117 points corrected.

(1; ¡1; 1; ¡1; 1) and (¡1; 1; ¡1; 1; ¡1) in a coded form, of the
HSCT con� guration design space. It is clear from Fig. 7 that cases
A2 and B2 have substantialerrors.When ITRMOP is increased to 5,
the noise in Ws was greatly reduced. Poor optimizationsapparently
produce heavier results.

To calculatethe error,we need to knowthe true Ws , which, strictly
speaking, cannot be known due to the iterative procedure inherent
in the optimization.Here we estimate the true Ws by taking the best
of the fourGENESIS runswe alreadydidusingdifferentparameters.
Table 6 shows the performanceof each set of GENESIS parameters.
The optimizationerror was calculated by comparing Ws to the best
of the four Ws available.

Table 6 shows how many times each case produced the lowest,
the best among the four Ws for 126 points. Cases A2 and B2 never
found the best results. However, with ITRMOP D 5, cases A5 and
B5 achieved the best Ws 65 and 61 times, respectively, about half
of the data each. For the default GENESIS parameter (case A2), the
mean error was 4.85% of the mean Ws . It is seen that tightening
the move limits and the outer-loop convergence criteria of case A2
keeping ITRMOP D 2 actually had a detrimental effect because the
mean error increased to 5.62% for case B2. With cases A5 and B5,
the mean error was very small, 0.193% and 0.033%, respectively.

The estimate of the true optimum by taking the best of four GEN-
ESIS runs of difference parameters (cases A2, A5, B2, and B5)
turned out to be very accurate because additional runs using case
B5 with different initial designs achieved very little improvement
of Ws . Therefore, we will call the best of four Ws as estimated true
Ws . Our concern about the optimization error will be mainly for
the low-� delity (ITRMOP D 2) cases. For the high-� delity cases
(ITRMOP D 5), the error appears to be negligible. In terms of com-
putational cost, the high-� delity optimization using ITRMOP D 5
required more than twice the CPU time of the low-� delity opti-
mization, ITRMOP D 2.

VI. Detection and Repair of Poor Optimization
Runs by IRLS and NIRLS

The IRLS procedureto identifypoor optimizationswas appliedto
case B2, the most noisy optimizationdata. A full quadratic response

surface model was used, and the IRLS/NIRLS outlier detection was
applied. Two different values of B, 1.9 and 1.0, were used for IRLS
or NIRLS to check the effects of the tuning constant, which acts
like a threshold for outlier detection (Table 1). A smaller B leads
to a more aggressiveoutlier search; the allowable region around the
response surface � t for good points becomes narrower, and more
points will be declared outliers. For NIRLS, the tuning constant H
controlling the weighting function for negative residuals was kept
at 1.0. Detected outlier points that had a weighting of less than 0.01
were corrected by the estimated true Ws . A full quadratic response
surface model was � t to the data before and after repair, using least
squares, to measure the noise level remaining in the data.

Table 7 presents a summary of the outlier detection and repair
with IRLS and NIRLS. In the response surface � t, we removed
9 points of extraordinarilyheavy designs [Ws greater than 68,036kg
(150,000 lb), which is about triple the usual optimum designs] from
the 126 data points and used only 117 points, because we did not
want to consider unreasonabledesigns.This approach of excluding
design points with unreasonable results is known as the reasonable
design space approach.1 To assess the success in outlier detection,
all 117 points were also repaired, and the results are shown in the
last row in Table 7.

With a tuning constant B D 1:9, IRLS and NIRLS identi� ed 27
and 29 candidate outliers, respectively. The error in the outliers
is calculated by comparing Ws (case B2) to the repaired value. For
comparisonwe also repairedpointsnot� aggedas outliers.For IRLS,
the average repair was 3943 kg (8694 lb) for outliers compared to
1503 kg (3314 lb) for inliers. NIRLS did a better job in � nding
outliers; the average repair was 5161 kg (11,379 lb) for outliers
and 1046 kg (2307 lb) for inliers. The ratio between the average
repairs of Ws for outliers and inliers was 4.93 for NIRLS compared
to 2.62 of IRLS. Out of 117 points, 22 were big outliers showing
error greater than 10%, and IRLS and NIRLS detected11 and 19 of
them, respectively (Table 7).

When B D 1:0, NIRLS successfully detected all of the 22 big
outliers, whereas IRLS missed 6 of the big outliers. The ratio of
repair of Ws for outliers and inliers is 5.97 for NIRLS compared to
2.67 for IRLS, indicating that NIRLS is more successful in homing
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Table 8 Results of � ve-variable HSCT con� guration optimizations using Wb response surface
approximations before and after outlier repair (based on data of case B2)

Optima using Wb RS

Initial Without repair IRLS repair NIRLS repair Full repair
Parameter design (optimum O) (optimum I ) (optimum N ) (optimum F )

WTOGW , kg 356,023 357, 489 353,568 351,944 350,022
Wb by RSO , kg 24,716 18,103 18,116 18,085 18,098

(12.0)a (9.1) (9.5) (9.6) (9.6)
Wb by RSI , kg 23,687 15,781 16,601 16,529 15,737

(7.4) (¡4.9) (0.4) (0.1) (¡4.7)
Wb by RSN , kg 23,188 15,462 15,454 15,982 15,373

(5.1) (¡6.8) (¡6.6) (¡3.2) (¡7.0)
Wb by RSF , kg 22,452 15,374 15,358 15,276 15,279

(1.8) (¡7.3) (¡7.2) (¡7.5) (¡7.5)
Wb by best of four 22,059 16,589 16,543 16,509 16,517

GENESIS runs, kg
v1 , m 51.82 55.47 55.36 55.29 55.19
v2 , m 3.048 3.107 3.107 3.106 3.106
v3 , deg 71.50 67.49 67.56 67.48 67.52
v4 0.02100 0.02123 0.02125 0.02126 0.02127
v5 , kg 195,038 187,789 185,777 184,873 183,889

aError, %.

in on points with large errors. The aggressive outlier search with
B D 1:0 does � nd more outliers.However, it declaresmore pointsas
outliers, and the computationaladvantageof repairing only outliers
may be reduced. For example, the number of outliers declared by
NIRLS increased from 29 with B D 1:9 to 52 with B D 1:0. Taking
the mean CPU hour of case B2 as a single unit, our efforts to repair
case B2, requiring GENESIS runs of cases A2, A5, and B5, costs
about extra 6 units of CPU hour. Compared to obtaining accurate
Ws for all data pointsusingcasesA2, A5, B2, and B5, NIRLS repair
costs 36 and 52% CPU hours for B D 1:9 and 1:0, respectively.

Quadratic response surface approximations using least squares
were � t to the original and repaired data of case B2. Before repair,
the RMSE was 8.7% of the mean Ws and was reduced to 4.7% by
IRLS repair with B D 1:9 and reduced further to 4.1% by NIRLS
repair. When more outliers were repaired with B D 1:0, the RMSE
was 4.1% with IRLS repair and 3.2% with NIRLS repair. Taken
together, the results indicate that IRLS procedures are useful for
detecting points with large optimization errors and that the NIRLS
procedures are more reliable.

VII. HSCT Con� guration Optimization Using Wb

Response Surface Approximations
We performed HSCT con� guration optimizations using the

quadratic Wb response surface � ts obtained in the preceding sec-
tion. The effects of improvements of response surface approxima-
tions by outlier repair on optimum HSCT designswere investigated.
Note that Wb response surfaces were obtained by multiplying the
Ws response surfaces by a factor of 0.7. Table 8 contains the initial
and optimal designs accordingto the responsesurface � ts used.The
initial design point was the center of the design box except that the
fuel weight was increased to 195,038 kg (430,000 lb) to satisfy the
range constraint at the beginningof the con� guration optimization.
The response surface (RS) � t based on case B2 data without outlier
repair (RSO ) was � rst used to � nd the optimal HSCT con� guration,
called optimum O. Then, con� guration optimizations starting from
optimum O are performed using RS � ts based on repaired data:
IRLS repair with B D 1:9 (RS I ), NIRLS repair with B D 1:9 (RSN ),
and full repair (RSF ). The corresponding optimal HSCT designs
were labeled as optimum I , N , and F , respectively. At the initial
design, the estimated true Wb was 22,059 kg (48,633 lb) but the RS
� t without outlier repair, RSO , overpredicted Wb with 12.0% error.
By repairing outliers, the error was reduced to 7.4, 5.1, and 1.8%
for RS I , RSN , and RSF , respectively.

Comparing the RS prediction for a given optimum design (col-
umn), we observe that the predicted Wb decreases along RSO , RS I ,
RSN , and RSF . It is seen that the original RS approximation,RSO ,
has positive errors whereas RS � ts with repair tend to have nega-
tive errors, which increase in the absolute sense along RSI , RSN ,
and RSF . For example, at optimum O, RSO has a positive error of

9.1%, but the errors became more negative along RS I , RSN , and
RSF with ¡4.9, ¡6.8, and ¡7.3% errors, respectively. The same
trend is observed for optima I , N , and F . This may be attributed to
overoptimism of the optimizer; optimizers tend to exploit regions
where the RS � ts are erroneouslyoptimisticand converge to designs
for which the RS approximationsunderpredict the response. By in-
tensive outlier repair such as NIRLS or full repair, Wb estimates by
the RS � ts are lowered, and then any exploitation of weakness of
the RS approximationsby the optimizer is fully experienced at the
optimum.

Therefore,a moderateoutlier searchsuch as IRLS may be conser-
vative in the framework of the con� guration optimization. It has a
protectivemargin againstoveroptimismof the optimizerbecausethe
moderatelycorrectedRS � t would slightlyoverpredictthe structural
weight at much of the design space. The errors of the RS approx-
imations at optima support this conjecture. For optimum O, RSO

overpredicted Wb with 9.1% error. For optimum I of IRLS repair,
the error of RS I was only 0.4%, althoughRS I cannotbe expected to
show such accuracy in general because, for other optima, RSI may
have error around ¡5%. For optimum N of NIRLS repair, RSN un-
derpredicted the Wb with ¡3.2% error. Furthermore, for optimum
F of full repair, RSF has ¡7.5% error. The takeoff gross weight
WTOGW of the optima decreases as Wb predicted by RS approxima-
tions decreases with more outliers repaired. Table 8 contains also
the con� guration variablesat the optima. Compared to optimum O ,
optimum I is seen to have a slightly reduced wing root chord v1 and
fuel weight v5. For all of the optima, the range constraintwas active
and the fuel weight decreases further for optima N and F , as Wb

prediction decreases.

VIII. Conclusions
RS techniques provide statistical tools to identify outliers in the

data that do not � t the underlyingmodel. We have demonstrated the
use of one of these tools, IRLS, for detecting design points where
optimization gave poor designs. Because optimization error is one-
sided, we have also proposed a nonsymmetrical version of IRLS
(NIRLS) that takes into account the asymmetry in optimization
errors.

Optimization of the � ve-dimensional Rosenbrock test function
experienced convergence dif� culties due to a programming error,
which became the basis for applying IRLS/NIRLS techniques to
minimization of a parameterizedRosenbrock function. NIRLS was
more effective than IRLS in identifying outliers, which were re-
pairedbyaccurateoptimizations.The outlier repair improvedthe ac-
curacy of the RS approximations,and the RS � t based on NIRLS re-
pair was more successfulthan IRLS in locating the optimal solution.

Structural optimizationof an HSCT producedpoor optimizations
due to incomplete convergence. We focused mostly on big out-
liers,where the error in optimal weight was more than 10%. NIRLS
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procedures were more reliable in detecting big outliers than IRLS.
The accuracy of the RS � t was substantially improved by IRLS re-
pair, and relatively small further improvements were obtained by
NIRLS or full repair.

HSCT con� guration optimizations were performed to check the
effects of the improved RS approximation of optimal wing bend-
ing material weight. As more outliers were repaired, the WTOGW of
the optimal designs was lowered. Also, it was noted that moderate
outlier repair was a conservativechoice for con� guration optimiza-
tion than aggressiverepair becausethe optimizerunderestimatedthe
structural weight by exploiting weaknesses of the response surface
approximations.
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